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All-to-All Personalized Communication
In Multidimensional Torus and Mesh Networks
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Abstract—All-to-all personalized communication commonly occurs in many important parallel algorithms, such as FFT and matrix
transpose. This paper presents new algorithms for all-to-all personalized communication or complete exchange in multidimensional
torus- or mesh-connected multiprocessors. For an R x C torus or mesh where R < C, the proposed algorithms have time complexities
of O(C) message startups and O(RC?) message transmissions. The algorithms for three- or higher-dimensional tori or meshes follow
a similar structure. Unlike other existing message-combining algorithms in which the number of nodes in each dimension should be a
power-of-two and square, the proposed algorithms accommodate non-power-of-two tori or meshes where the number of nodes in each
dimension need not be power-of-two and square. In addition, destinations remain fixed over a larger number of steps in the proposed
algorithms, thus making them amenable to optimizations. Finally, the data structures used are simple, hence making substantial

savings of message-rearrangement time.

Index Terms—Collective communication, all-to-all personalized communication, complete exchange, direct exchange, message-

combining, interprocessor communication.

1 INTRODUCTION

DISTRIBUTED—MEMORY multiprocessors are known to be an
attractive candidate architecture for scalable, massively
parallel applications. Since memory is distributed among
the processors, interprocessor communication is realized by
passing messages through an interconnection network.
However, interprocessor communication overhead is one
of the major factors that limit the performance of parallel
systems, and can become a bottleneck to scalable parallel
implementations of computationally-intensive applications.
This has resulted in the development of efficient, high-
speed network architectures and innovative algorithms for
scheduling interprocessor communication to minimize
message latency.

A specific class of communication patterns that has
received considerable attention is collective communication
[71, [8], [10]. Collective communication is defined as a
communication pattern involving a group of processes and
it is supported by the Message Passing Interface (MPI),
which is a portable, efficient, and flexible standard for
message passing programs [20]. Commonly-used collective
communication patterns are broadcast, scatter, gather, all-
to-all broadcast, and all-to-all personalized communication.
Collective communication is well-known for its high
demand for network bandwidth and the resultant high
algorithm-execution time.
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Among these collective communication operations, all-
to-all personalized communication is the most demanding
communication pattern [2], [3], [5], [6], in which every node
communicates a distinct message to every other node in the
system. In an N-node system, each node P;, 1 <14 < N, has
N blocks of data BJi, 1], B[i,2],..., B[i, N], with a distinct
block for each other node. After the operation, each node P,
has N blocks of data, B[l,:], B[2,1],...,B[N,i], one from
each other node. In this operation, each node acts as the
source of a scatter operation as well as the destination of a
gather operation. As a result, this communication operation
is also referred to as all-to-all scatter-gather, complete exchange,
or all-to-all personalized exchange. All-to-all personalized
communication is used in many scientific parallel algo-
rithms, such as matrix transpose and fast Fourier transform
(FFT).

In general, there are two paradigms for performing all-
to-all personalized communication: direct and message-
combining. In direct algorithms, every pair of processors
exchange data directly. For an N-processor architecture
equipped with a single port to the network interface and
full duplex channels, such algorithms require at least
N — 1 steps. However, if the network is not fully-connected,
then conflicts for use of links in the network may increase
the number of communication steps. When the startup cost
of a message transmission dominates, an alternative
paradigm for all-to-all personalized communication is to
use message-combining. Blocks destined for each processor
are combined in messages in successive steps of operation.
In this latter approach, message-combining generally
results in longer messages and a reduced number of
message initiations. Fig. 1 compares the two approaches
for an all-to-all personalized communicationina 2 x 4 mesh.
A direct algorithm proposed in [17] is applied to a
2 x 4 mesh, as illustrated in Fig. 1a. Using this algorithm,
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Fig. 1. Direct and message-combining approaches: (a) direct approach,

the all-to-all personalized communication requires at least
seven communication steps since there are eight processors.
However, as shown in Fig. 1a, channel contention occurs in
four of those steps. As a result, at least 11 contention-free
communication steps are required. In direct algorithms,
each processor exchanges one block per step. Fig. 1b
illustrates the same operation with message-combining.
With this approach, only three contention-free communica-
tion steps are required. Fig. 1b also illustrates message
blocks transmitted or received by processor 1 in each step,
where a block is identified by the combination of source
node ID and destination ID (e.g., a block which is originated
from node 1 and destined for node 2 is identified by
block 12). As shown in the figure, four message blocks are
transmitted in each step. Thus, the message-combining
algorithm requires three communication steps and 12 units
of message transmission time, while the direct algorithm
requires 11 communication steps and 11 units of message
transmission time. It would be desirable if a model could be
developed that would provide a guideline in formulating
tradeoffs between message startup costs and message sizes
based on the physical properties of the communication
mechanisms in the target parallel architecture.

For all-to-all personalized communication using direct
exchange, Scott [11] has shown that at least a®/4 steps are
required in an a x @ mesh. Thakur and Choudhary [17]
proposed direct algorithms for power-of-two 2D meshes. In
Step i, 1 <i < N — 1, each node exchanges messages with

(b) message-combining approach.

the node that is determined by taking exclusive-OR of
the node number with . Therefore, the entire communi-
cation pattern is decomposed into a sequence of pairwise
exchanges. However, in some steps, link contentions
exist among the exchange pairs. In machines such as
Intel Paragon, the software overhead, not the channel
contention, is the main concern. This algorithm [17] is
based on the observation that channel contention is not a
matter to be concerned about. Tseng and Gupta [18]
proposed a direct algorithm for multidimensional tori. For
an n-dimensional torus of a; X as X ... X a,—1 X a,, where
ay >as>...>a, 1 > a, the algorithm requires O(a;? x
as X ... X ap_1 X a,) time complexity due to message
startups.

In [1], Bokhari and Berryman developed two message-
combining algorithms referred to as binary exchange and
quadrant exchange for a circuit-switched 2¢ x 2¢ mesh. In
the binary exchange, the mesh is recursively halved and
nodes symmetrically located with respect to each cut
exchange block. The quadrant exchange treats the mesh as
groups of 2 x 2 submeshes and exchanges blocks among
the nodes in each submesh. Successive groups of
2 x 2 submeshes are interleaved until all blocks are
exchanged. Sundar et al. [16] presented an algorithm
called cyclic exchange in a power-of-two 2D square mesh. In
each phase of the cyclic exchange, every node commu-
nicates in two steps with two other nodes, one in the same
row and one in the same column. In a step of a phase, some
pairs of nodes perform the horizontal exchange first, while
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others perform the vertical exchange first. Subsequent steps
reverse the order. While the cyclic exchange requires the
same number of phases as the quadrant exchange, its
performance in an asynchronous environment is shown to
be superior. In [19], Tseng et al. present an algorithm with
0O(2%) time complexity for message startups in a 2¢ x 2¢
2D torus using message-combining. Nodes are partitioned
into four groups, and messages are exchanged among
nodes in the same group. After some data rearrangement,
each node exchanges messages with a node in a different
node group. In [12], [13], Suh and Yalamanchili proposed
algorithms using message-combining in 2¢ x 2¢ and 27 x
24 x 24 tori or meshes with time complexities of O(d) due to
message startups and O(23?) (in 2D) or O(2*?) (in 3D) due to
message transmissions. In [15], Suh and Yalamanchili
proposed a set of configurable algorithms for complete
exchange for 2D meshes, which can be tuned to trade
message-initiation or startup overhead against message-
transmission time. These message-combining algorithms
differ primarily in the manner in which pairwise exchange
operations are scheduled. However, they have all been
defined for meshes or tori where the number of processors
in each dimension is an integer power-of-two and square.

In this paper, we present new algorithms for all-to-all
personalized communication for multidimensional tori or
meshes. The algorithms utilize message-combining to
reduce the time associated with message startups. They
are suitable for a wide range of torus or mesh topologies.
The salient features of the proposed algorithms are:

1. Unlike existing message-combining algorithms, in
which the number of nodes in each dimension
should be power-of-two and square, they
accommodate non-power-of-two and nonsquare tori
or meshes.

2. They are simple in that destinations remain fixed
over a larger number of steps, and are thus amenable
to optimizations, e.g., caching of message buffers
and locality optimizations.

3. They can be extended to higher-dimensional
networks.

The following section presents the system model,
performance parameters, and notation used in this paper.
We propose algorithms for tori and meshes in Sections 3
and 4, respectively. Section 5 evaluates the performance of
the proposed algorithms. Our results are summarized in
Section 6.

2 PERFORMANCE MODEL AND SYSTEM
ARCHITECTURE

The time to communicate data from one node to another
node is a key source of overhead when executing parallel
programs. A common metric used to evaluate the perfor-
mance of collective communication algorithms is completion
time or communication time.

In general, the completion time is comprised of two time
components: start-up time and network time. Start-up time
is the time required for both the source and destination
nodes to handle the packet. It includes the time to prepare
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the message (e.g., adding header, tail, and error detection/
correction information), manage buffers, and establish an
interface between the local processor and the router. It is
dominated by the software overhead in modern message-
passing multiprocessors. Network time is the elapsed time
from the first byte entering the network until the last byte
arrives at the destination. It includes message-transmission
time and propagation time. The message-transmission time is
the per-byte transmission time multiplied by the message
size in bytes. The time taken by the header of a message to
travel from a node to a neighbor node is called the per-hop
delay. The propagation delay is the per-hop delay multi-
plied by the number of links traversed by a message. In
addition to the communication time, some collective
communication algorithms (especially, all-to-all persona-
lized communication algorithms using message-combining)
require data rearrangement between communication steps.
The data-rearrangement operations occur within a single
node to prepare for the next step, i.e., to transmit the correct
blocks to correct destinations. Furthermore, barrier syn-
chronization is also required between successive commu-
nication steps. In this paper, we will consider these terms in
analyzing the performance of all-to-all communication
algorithms.

The following is a summary of the notation used in this

paper.

~+

s: Startup time per message.

.- Message transmission time per flit.

t;: Time for a flit to cross a link during path setup.
»: Barrier synchronization time per step.

p: Data rearrangement time per byte.

m: Block size in flits.

T: Completion time.

~

e 6 6 06 0 0 O
~

The target architecture is torus- or mesh-connected,
wormhole-switched [9] multiprocessors. The proposed
algorithms applies equally well to networks using virtual
cut-through or packet switching. Each packet is partitioned
into a number of flits. We assume that each processor has
N distinct m-byte message blocks for all-to-all personalized
communication. We also assume that the channel width is
one flit, the flit size is one byte, and each processor has
one pair of injection/consumption buffers for the internal
processor-router channel (i.e.,, one-port architecture). All
links are full duplex channels. In this paper, a step is the
basic unit of a contention-free communication and a phase
is a sequence of steps. The completion time for one
communication step can be expressed as T'=ts+m-t.+
h - t; if one message block is transmitted to the destination
across h hops in a contention-free manner using wormhole
switching. This time does not include the data-
rearrangement time between steps.

The logical data structure in each node is a 2D array (in
2D networks) or nD array (in n-dimensional networks). We
assume that these arrays are arranged in column-major
order. We also assume that if physically noncontiguous
blocks are transmitted from this array, a message-
rearrangement step must take place prior to transmission.
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Fig. 2. Node groups, a 3 x 3 subtorus formed by a node group, and all-to-all personalized communication operation among nodes in a subtorus. (a)
16 distinct node groups and directions taken by each node in Phase 1, (b) 3 x 3 subtorus formed by group 00, (c) 4 x 4 submeshes and nodes in
group 00, (d) Phase 1 Step 1, (e) Phase 1 Step 2, (f) Phase 2 Step 1, (g) Phase 2 Step 2, and (h) after Phase 2.

3 ALGORITHMS FOR TORI

3.1 2D Tori

For an R x C torus, where R and C are multiples of four
and R < C, each node is identified by a label P(r,c), 0 <
r<R-1and 0 < ¢ < C - 1. Each node is included in one
of 16 node groups according to the following rule:

IF rmod 4 =i and ¢ mod 4 = j, then P(r,c) is included in
group ;.

For example, in a 12 x 12 torus shown in Fig. 2a, nine
nodes of identical marking are included in the same group.

: R, C
The nodes in a group form an x5

subtorus. Fig. 2b
illustrates the 3 x 3 subtorus formed by group 00 to which
nine nodes, P(0,0), P(0,4), P(0,8), P(4,0), P(4,4), P(4,8), P(8,0),
P(8,4), and P(8,8) belong. In addition, if an R x C torus is
divided into 4 x 4 contiguous submeshes (SMs), each node

in a SM is included in one of 16 distinct groups.

3.1.1 An Overview

The proposed 2D algorithm consists of four phases. In
Phases 1 and 2, messages are exchanged, performing all-to-
all personalized communication, among the nodes in the
same group. For an illustrative purpose, we consider all-to-
all personalized communication in a 12 x 12 torus. Fig. 2c is
a simplified representation of Fig. 2b, where only SMs and
nodes in group 00 are shown. Each node has 144 blocks to
scatter, and the blocks are divided into nine 4 x 4 block
groups (BGs) considering 9 SMs (SM00, SM01, SM02, SM10,
SM11, SM12, SM20, SM21, and SM22) and 16 nodes in each
SM. In Fig. 2d, each node in group 00 has 9 BGs to scatter
with distinct markings, where each BG is destined for the
SM which has the same marking as the BG in Fig. 2c. Thus,
BGs of identical marking will be gathered in one node in the
SM that has the same marking as the BGs, upon completion
of all-to-all personalized communication. Before starting
transmission, the BGs are stored in a 2D array and they are
arranged by considering the following Steps (to be
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Fig. 3. Communication pattern in Phases 3 and 4 for a 12 x 12 torus. (a) Phase 3 Step 1, (b) Phase 3 Step 2, (c) Phase 4 Step 1, and (d) Phase 4

Step 2.

described in Section 3.1.3). In Step 1 of Phase 1, each node
transmits the BGs in the second and third columns while
receiving the same number of BGs along a row, as
illustrated in Fig. 2d. The data arrays after Step 1 of Phase
1 are illustrated in Fig. 2e. In Step 2 of Phase 1, each node
transmits the BGs in the third column while receiving the
same number of BGs (see Fig. 2e). After Step 2 of Phase 1,
BGs in each node are those destined for nodes in its SM and
SMs in the same column as shown in Fig. 2f. Now, Phase 2
starts and each node changes dimensions and transmits
BGs along a column. In Step 1 (Step 2) of Phase 2, each node
transmits the BGs in the second and third rows (third row)
while receiving the same number of BGs along a column, as
shown in Fig. 2f (Fig. 2g). After Step 2 of Phase 2, all BGs
gathered in each node have the same marking (see Fig. 2h),
which indicates that all-to-all personalized communication
among nodes in group 00 is achieved successfully.

In Phases 1 and 2, nodes in the same group perform all-
to-all personalized communication among them, as de-
scribed above. However, since nodes in 16 distinct groups
perform the operations in parallel, we should schedule links
to avoid channel contention. If we consider a row (or
column), each node in the row (or column) is included in
one of four node groups (see Fig. 2a). Since nodes in four
groups cannot transmit message blocks along two direc-
tions in the row (or column) in parallel without channel
contention, two node groups should be assigned to two
directions in the other dimension for contention-free
transmissions. Since there are four directions, positive row
(+r), negative row (-r), positive column (+c), and negative
column (-c), four node groups share distinct directions
according to the result of (r+ c)mod4 operation (see
Fig. 2a). In Phase 2, each node changes dimensions then
performs transmission along the new dimension.

After Phase 2, each node in a SM has blocks originated
from nodes in the same node group and destined for the
16 nodes in the same SM to which the node belongs. In
the next two phases (Phases 3 and 4), message transmis-
sions are performed among nodes in distinct groups and in
the same SM. Each SM can be divided into four
2 x 2 submeshes. In each 2 x 2 submesh, there are four
nodes in upper left, upper right, lower left, and lower right.
In the two Steps of Phase 3, four nodes in the same position
in 2 x 2 submeshes exchange blocks (see Figs. 3a and 3b,
where only one SM is shown). In a step, each node transmits
blocks destined for the receiver node as well as blocks
destined for the other three nodes in the 2 x 2 submesh to

which the receiver node belongs. After Phase 3, each node
in a 2 x 2 submesh has blocks originated from nodes in four
distinct groups and destined for nodes in the same 2 x 2
submesh to which the node belongs. In the two steps of
Phase 4, four nodes in each 2 x 2 submesh exchange blocks
to complete all-to-all personalized communication (see
Figs. 3c and 3d). The following sections describe the
algorithm in detail.

3.1.2 Communication Pattern

We now describe the communication pattern of the
proposed 2D algorithm, which consists of four phases. In
Phase 1, the following operations are performed:

Phase 1:

IF (r+¢) mod 4 =0, P(r,c) — P(r, (c+4) mod C). (1)

IF (r4c¢) mod 4 =1, P(r,c) — P((r+4) mod R, ¢). (2)
F (r+c¢) mod 4 =2, P(r,c) — P(r, (c-4) mod C). (3)

IF( )mod4—3 P(r,c) — P((r-4) mod R, c). (4)

Phase 1 requires ¢ — 1 steps. Throughout these ¢ — 1 steps
of Phase 1, each node transmits message blocks to a fixed
destination node along the direction selected by the node.
Consider blocks of a node, say node A, to be scattered to all
other nodes. In Step 1, node A transmits all of its blocks
except those to be transmitted by itself in Phases 2, 3, and 4,
to the next node, say node B, along the direction selected by
the nodes. In Step 2, node B extracts blocks to be
transmitted by itself in Phases 2, 3, and 4, then transmits
the remaining blocks to the next node, say node C, along the
direction selected by the nodes. This procedure repeats and
in the last step in Phase 1, the last node, say node L, along
the direction receives only the blocks to be transmitted by
the node in Phases 2, 3, and 4. Likewise, the other nodes
scatter their blocks to all nodes in the same node group and
in the same column or row. If R # C, then each node that
satisfies the above Conditions 2 and 4 finishes the
operations in Phase 1 in -1 steps, and idle or send
empty messages during the remaining <72 steps.

In Phase 2, all nodes change dlmensmns then transmit
message blocks along the new dimension. In Phase 2, the
following operations are performed:

Phase 2:

IF (r+¢) mod 4 =0, P(r,c) — P((r+4) mod R, c). (5)

IF (r+c¢) mod 4 =1, P(r,c) — P(r, (c+4) mod C). (6)
F (r+c¢) mod 4 =2, P(r,c) — P((r-4) mod R, ¢). (7)
F (r+¢) mod 4 = 3, P(r,c) — P(r, (c-4) mod C). (8)
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Phase 2 also requires ¢ — 1 steps and the communication
pattern is the same as that in Phase 1. Each node in a row or
column of Phase 1 (e.g.,, node A, B, C, ..., L) transmits
blocks along a column or row in its new dimension in
parallel. In a step, each node extracts blocks for itself and
blocks to be transmitted by itself in Phases 3 and 4, then
transmits the remaining blocks to the next destination node.
Thus, after g— 1 steps of Phase 2, each node has blocks
originated from nodes in the same group, destined for itself
and to be transmitted by the node in Phases 3 and 4. As in
Phase 1, if R # C then each node that satisfies the above
Conditions 5 and 7 finish the operations in Phase 2 in
£ _1 steps and idle or send empty messages during the
remaining <5 steps.

Now, the network can be divided into If—g 4 x4
submeshes. All nodes in a 4 x 4 submesh are included in
distinct node groups and have blocks originated from nodes
in their respective groups. In the next two phases, all-to-all
personalized communication operation is performed
among nodes within each 4 x 4 submesh. In Phase 3, the
following operations are performed:

Step 1 of Phase 3:

IF (r+ ¢) mod 4 = even AND ¢ mod 4 =0 or 1,
P(r,c) — P(r, c+2).

IF (r + ¢) mod 4 = even AND ¢ mod 4 =2 or 3,
P(r,c) — P(r, c-2).

IF (r+ ¢) mod 4 = odd AND r mod 4 =0 or 1,
P(r,c) — P(r+2, c).

IF (r+ ¢) mod 4 = odd AND r mod 4 = 2 or 3,
P(r,c) — P(r-2, c).

Step 2 of Phase 3:

IF (r+ ¢) mod 4 = even AND r mod 4 =0 or 1,
P(r,c) — P(r+2, c).

IF (r+ ¢) mod 4 = even AND r mod 4 =2 or 3,
P(r,c) — P(r-2, c).

IF (r + ¢) mod 4 = odd AND ¢ mod 4 =0 or 1,
P(r,c) — P(r, c+2).

IF (r+ ¢) mod 4 = odd AND ¢ mod 4 =2 or 3,
P(r,c) — P(r, c-2).

In Phase 4, the network is further divided into 2 x 2
submeshes and two Steps are required as follows:

Step 1 of Phase 4:
IF ¢ mod 2 =0, P(r,c) — P(r, c+1).
IF ¢ mod 2 =1, P(r,c) — P(r, c-1).
Step 2 of Phase 4:
IF r mod 2 =0, P(r,c) — P(r+1, c).
IF r mod 2 =1, P(r,c) — P(r-1, c).

The next subsection describes the contents of transmitted
blocks and the array structure in each communication step.

3.1.3 Data Array

Initially, P(r, ¢) has RC distinct blocks to distribute to other
nodes in 2D array B[u,v], where 0 <u < R—1and 0 <v <
C—-11if (r+c)mod4=00r2 (ie, nodes that transmit
blocks along a row and a column in Phases 1 and 2,
respectively), or 0<u<C—-1and 0<v<R-1if (r+
¢) mod4 =1or3 (ie, nodes that transmit blocks along a
column and a row in Phases 1 and 2, respectively). We

assume that the array is ordered in column major, and if
blocks to be transmitted are not contiguous, then they
should be rearranged before transmission. The initial data
structure of a node is dependent upon the communication
pattern in Phases 1 and 2. A block destined for the node that
is u hops away from the node along the direction that the
node takes in Phase 1 is located in B[u,0]. In B[u,v], a block
destined for the node that is v hops away from the node in
B[u,0] along the direction the node takes in Phase 2 is
located.

InStep i, 1 <i < % — 1, of Phase 1, each node transmits
blocks in columns 4i through C — 1 to its destination node,
while receiving the same number of blocks: In Step 1, each
node transmits all blocks except those to be transmitted by
itself in Phases 2, 3, and 4 (i.e., blocks in the first four
columns). Among the blocks received in Step 1, each node
extracts the blocks to be transmitted by itself in the
following phases (i.e., blocks in the fifth through eighth
columns), then transmits the remaining blocks to its
destination node in Step 2. This procedure repeats until
the last step of Phase 1.

InStep 5,1 <5< % — 1, of Phase 2, each node transmits
blocks in rows 4j through C' —1 to its destination node in
Phase 2, while receiving the same number of blocks from its
source node in Phase 2: In Step 1, each node transmits all
blocks except those will be transmitted by itself in Phases 3
and 4 (i.e., blocks in the first four rows). Among the blocks
received in Step 1, each node extracts the blocks to be
transmitted by itself in Phases 3 and 4 (i.e., blocks in the
fifth through eighth rows), then transmits the remaining
blocks to its destination node in Step 2. This procedure
repeats until the last step of Phase 2.

After Phase 2, each node in a 4 x4 submesh has
RC blocks originated from all nodes in the same group
113—60 nodes) destined for 16 nodes in the 4 x 4 submesh to
which the node belongs. But blocks destined for each node
in the 4 x 4 submesh are distributed. Thus, before Phase 3,
the blocks are rearranged: If we divide a 4 x 4 submesh into
2 x 2 submeshes, there are four 2 x 2 submeshes—one
includes a node P (e.g., S0), another includes the partner
node in Stepl of Phase 3 (e.g., S1), another includes the
partner node in Step 2 of Phase 3 (e.g., S2), and the other
submesh (e.g., S3). Blocks destined for SO, S1, S3, and S2
(e.g., BO, B1, B3, and B2, respectively) are arranged in that
order in data array of node P. In Step 1 of Phase 3, node P
sends blocks destined for S1 and S3 (i.e., Bl and B3) while
receiving the same number of blocks, BO and B2, from the
partner node in Stepl of Phase 3. Now, blocks in node P’s
data array are BO, B0, B2, and B2, in that order. In the next
step, node P sends B2’s while receiving B0’s.

After Phase 3, each node in a 2 x2 submesh has
RC blocks originated from all nodes in four node groups
destined for four nodes in the submesh to which the node
belongs, and the blocks are distributed. Thus, before
Phase 4, the blocks are rearranged: blocks destined for the
node itself (e.g., NO), partner node in Step 1 of Phase 4 (e.g.,
N1), partner node in Step 2 of Phase 4 (e.g., N2), and the
other node (e.g., N3). Blocks destined for NO, N1, N3, and
N2 are arranged in that order in the data array of node NO,
and the block transmissions in Phase 4 are performed in the
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blocks sent in step 2 of phase 1

blocks received in step 1 of phase 1

0 1 2 314 5 6 7 8 9 A B 0 1 2 314 5 6 718 9 A B
0000] 0001|0002[ 000 0004] 0005| 0006| 0007|0008 0009|000A 000R O | 0000 0001]0002] 000F 0800] 0801] 0802] 080F 0804 | 0805 0806|0807
0010]0o11|oo12[ oo1g0014] 0015 0016 0017[0018] 0019f00 1Al 001 1 |0010[0011]0012] 0013 0810] 0811]0812]081F0814| 0815/0816]|0817]
0020] 0021|0022[ 002F0024] 0025 0026| 0027]0028| 0029 002A] 002 2 | 0020 0021]0022] 0023 0820] 0821] 0822 082F 0824 | 0825 0826|0827
0030]0031|0032| 003340034] 0035] 0036] 0037|0038 0039]003A| 0035 3 | 0030]0031[0032| 0033 0830| 0831] 0832| 083G 0834 | 0835|0836]0837|
0040] 0041|0042| 004F0044] 0045 0046| 0047|0048 0049 004A| 0045 4 | 0040 0041]0042] 0043 0840] 084 1] 0842|084 F 0844 | 0845| 0846|0847
0050] 0051|0052| 00540054] 0055] 0056]0057|0058] 0059|0054 005 S [ 0050 0051]0052| 0053/0850] 0851] 0852 085F 0854 | 0855|0856 0857]
0060] 0061]|0062| 006 0064| 0065| 0066| 0067|0068 | 0069|006A| 006H] 6 | 0060 0061|0062| 0063 0860] 0861| 0862|086 0864 | 0865]0866]0867
0070] 0071]|0072] 00730074| 0075 0076| 0077|0078| 0079 007A| 007 7 |0070[0071|0072| 0073 0870|087 1| 0872|087 0874 | 0875|0876]0877
0080] 0081]|0082| 0084 0084| 0085| 0086| 0087|0088 | 0089| 008A| 008H] 8 | 0080 0081|0082| 0083 0880] 0881| 0882|088 F 0884 | 0885|0886]|0887
0090] 0091]|0092| 00940094] 0095]| 0096| 0097|0098 | 0099 009A| 0091 9 | 0090[ 0091|0092 0093 0890] 0891| 0892] 089F 0894 | 0895|0896]0897
00Ad 00A1]00A2| 00AF00A4 00AH 00Ad 00A7]00A8| 00Ad00AA 00AHA [00Ad 00A1|00A2| 00AF 08A] 08A1[08A2 08AJ08A4| 08AF 08AB[08A7]
00Bd 00B1|00B2| ooBg00B4 00Bg 00Be 00B7|00B8| 0084 00BA 00BHB | 00Bd 00B1]00B2| 00B1|08Bd 08B 1| 08B2 08B 08B4| 08B 08B6|08B7]

(a) (b)
blocks received in step 2 of phase 1

0 1 2 3 4 5 6 7,8 9 A B 0 1 2 3 4 5 6 7 8 9 A B
0000] 0001]0002f 0003 0800f 0801|0802 0803 0400] 0401] 0402 0403J{ O ['0000] 0001J0002] 000 0800] 08010802 0803]0400] 0401[0402] 0403
0010]0011]0012f 0019 0810[ 0811]0812] 08130410 0411]0412]0413]{ 1 [0010]0011]0012] 0019 0810 08110812 0813[04 10| 0411[0412[0413
0020{ 0021]0022| 0029 0820 0821] 0822 0823/0420] 0421 0422|0423} 2 '0020] 0021[0022] 0029 0820] 0821[ 0822[ 0823[0420[ 0421 0422[ 0423
0030 0031]0032| 0039 0830| 0831] 0832] 0833]0430] 0431] 0432|0433 3 [0030[0031[0032] 0033 0830] 08310832 0833[0430] 0431]0432] 0433
0040 00410042 0043 0840| 0841| 0842] 0843 0440] 0441) 0442|044 8000[8001|8002] 8009 8800| 8801 8802| 8803|8400| 8401|8402|8403
0050 0051/ 0052 0053 0850| 0851| 0852] 0853|0450 0451) 0452|045 8010/8011]8012] 8019 8810] 8811| 8812| 8813[8410] 8411[8412] 8413,
0080] 0061]0062| 0069 0860| 0861 0862| 086310460 0461|0462) 046 6{[ 8020] 8021]8022] 8029 8820] 8821| 8822] 8823[8420] 8421 8422|8423
0070] 0071{0072] 0073 0870| 0871| 0872|0873 0470] 0471) 0472|047 7 || 8030] 8031|8032] 8039 8830] 8831| 8832| 8833|8430( 8431|8432 8433

0080] 0081{0082| 0083 0880[ 0881|0882| 08831 0480] 0481]0482]| 0483 B[ BOAV| SOA 1[S04 S0AT Bo40] OB4 1] Soaz] Soas]oaq0| eadT|eadz|oad

0090{ 0091|0092 0093 0890| 0891] 0892| 0895|0490| 0491]0492| 0493 9l 8050] 8051|8052] 8059 8850] 8851|8852| 8853|8450 8451|8452|845

00AQ 00A1]00A2] 00A] 08A] 08A 1] 08A2| 08AT 04A0| 04A 1| 04A2| 04A 8060| 8061|8062| 8069 8860| 8861|8862| 8863|8460| 8461|8462|846

00B( 00B1]00B2] 00B4 08B 08B 1]08B2| 08B304B0| 04B104B2| 04BY|B [[ 8070[8071]8072] 807d 8870] 887 1| 8872] 8873[8470] 8471[8472[847
blocks sent in step 1 of phase 2 blocks received in step 1 of phase 24—' blocks sent in step 2 of phase 2

() (d)
blocks sent in phase 3 step 1

01 2 3 45 6 7 8 9 A B 01 2[3 4 5 6 7 8l9 A B

0000] 0001|0002| 0009 0800| 0801| 0802] 0803|0400] 0401]0402[0403] Q [ 0000| 08 10] 0401 0004 0812 0403] 0022|0832 0423 00201 0830 0421

0010{0o11]oo12| 0019 0810 0811]0812] 0813|0410] 0411[0412[0413] 1 [ 8000| 8810|8401 8004 8812 8403] 8022|8832| 8423 80201 8830] 8421

0020] 0021|0022 0029 0820] 0821] 0822] 0823|0420[ 0421] 0422[ 0423] 2 [ 4000] 4810]4401] 4009 4812 4403] 4022]4832] 4423 4020 4830 4421

0030| 0031|0032 0039 0830[ 0831]0832] 0833|0430] 0431 0432| 0433| 3| 0800]0410[{0011] 0807 0412 0013| 0822{0432| 0033 0820] 0430[0031

8000| 8001|8002 8009 8800] 8801| 8802] 8803|8400] 8401| 8402|8403 4 | 8800] 84 10[8011] 8807 8412 8013| 8822|8432 8033 8820] 8430[8031

8010| 8011|8012[ 8019 8810] 8811|8812| 8813|8410] 8411 8412|8413| 54800/ 4410[4011] 4809 4412] 4013| 4822{4432( 4033 4820] 4430[ 4031

8020|8021|8022| 8029 8820| 8821|8822] 8823|8420 | 8421|8422| 8423] @ | 0400 0001|081 1] 040 0003 0813] 0422|0023 083Y 0420] 0021|0831

8030| 8031|8032 8039 8830| 8831|8832| 8833|8430| 8431|8432|8433| 7 [ 8400]8001|8811| 8402 8003 8813| 8422[8023| 8833 8420] 8021|8831

[2000] 4001|4002 4009 4800| 4801|4802] 4803|4400 4401|4402|4403||8 [ 4400[4001[4811] 4409 2003 4813| 4422[4023] 483 4420] 4021[4831

4010]4011|4012] 4019 4810| 4811]|4812| 4813|4410 4411[4412]4413]9 [ 0010] 0801|0411 0012 0804 0413] 0032|0823 0433 0030[ 0821|0431

4020 4021|4022 4029 4820| 4821|4822] 4823]4420] 4421]4422] 4423]A [ 8010]8801[8411] 8012 8803 8413| 8032|8823 8433] 8030| 8821|8431

4030]4031]4032| 4039 4830] 4831]4832] 4833|4430 4431| 4432] 4433|B | 4010[4801]4411] 4012 4803 4413{ 4032|4823] 4433 4030 4821] 4431

blocks received in step 2 of phase 2

(€)

(f)

Fig. 4. Data structure of node (0,0) in a 12 x 12 torus. (a) Initial state, (b) after Step1 of Phase 1, (c) after Step 2 of Phase 1, (d) after Step1 of Phase
2, (e) after Step 2 of Phase 2, and (f) after rearrangement (see the next page for (g)-(k)).

same way as those in Phase 3. After Phase 4, every node has

RC blocks, one block from every node in the network.
As an example for the 12 x 12 torus shown in Fig. 2, let

us examine the communication requirements for
node P(0,0). The initial block distribution of node P(0,0) is
shown Fig. 4a, where each block is identified by the
combination of source ID and destination ID. For example, a

block that is originated from node P(1,2) and destined for
node P(3,4) is identified by block 1234. P(0,0) is included in
group 00 and nodes in the group are assigned +c and +r
directions in Phases 1 and 2, respectively. Thus, the first
row of the data array includes blocks destined for nodes in
the same row along the +c direction from P(0,0) in that
order, and the other blocks in each column of the data array
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blocks sent in step 2 of phase 3

blocks received in step 1 of phase 3

0 1 2/ 3 4 5

6 7 819 A B
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blocks received in step 2 of phase 3

6 7 8 9 A B

0O 1 2 3 4 5

0000]0810 O401I 0200[ 06 10]0A01§0220]0630]0A21] 002(] 0830] 0421} O

0000} 0810]0401] 0200] 0610] 0A0 1] 2000]2810]2401 | 2200 2610 2AO1I

8000/8810 8401' 420014610 4A01§4220]4630|4A21] 8020 8830 8421' 1

8000|8810} 8401] 4200 4610 4A0 1] AOOO|A810|A401| 620d 6610] 6A0 1]

400014810 4401I 8200]| 8610]8A01]8220[8630|8A21| 4020| 4830 4421' 2

4000] 4810] 4401] 8200|8610 8A0 1 6000|6810]|6401 | A20d A6 1] AAO1

0800] 0410|001 1| 0600] 0A 1010211 0620]0A30[0231 || 0820] 0430 0031' 3

0800] 0410]0011] 0600] CA1(} 021 1|2800 2410]2011] 2609 2A1g 2211

8800] 8410|801 1| 4600 4A1004211]4620]4A30]|4231 | 8820 8430 8031' 4

8800]8410]8011] 4600]4A1({421 1|A800 A410|A011] 6600 6A1d 6211

480014410|401 1| 8600| 8A1018211] 8620|8A30|8231 | 4820] 4430 4031' 5

4800]4410[4011]| 8600] 8A1(| 821 1| 6800)16410|6011] A60q AA1q A211)

0400|0001 0811' 0A0Q 0201]0611]0A2010221|0631 | 042(] 0021 0831'6

0400]0001]0811] 0A0] 0201 0611'2400 2001]2811] 2A0q 2201|2611

8400|8001 8811' 4A0014201)4611§4A2004221]4631 | 8420 8021 8831'7

8400|8001

8811| 4A0Q 4201 4611|A400 A001]A811] 6A0(Q 6201|6611

4400[4001 4811' 8A0(1 8201|8611]8A2018221|8631 | 44201 4021 4831'8

4400[4001]4811] 8A0d 8201|8611 6400]6001|6811 | AAO] A201 AB11}

0010]0801 0411I 0210]0601]0A11§0230]0621|0A31] 0030 0821 0431'9

0010]0801]0411] 0210]0601|0A11(2010|2801|2411] 221(} 2601 2A11|

8010|8801 8411' 4210]4601]4A11§4230]4621|4A31] 8030 8821 8431IA

801018801|8411] 42101 4601|4A11 AO10|A801|A411] 621( 6601 6A11|

4010 4801[4411] 8210| 8601|8A11]8230[8621[8A31| 4030 4821] 4431|B

4010]4801

(9)

blocks
3 4

sentin step 1 of phase 4

5 6 7 8

9 A

4411] 8210|8601|8A11|6010]6801|6411] A21(Q ABO1 AA11I

(h)

blocks sent in step 2 of phase 4

blocks received in step 1 of phase 4

0 1 2|3 4 5

6 7 8,9 A B

0000] 0600]2400] 0001 0601} 2401] 0011 0611] 2411§0010] 0610|2410

0000] 0600] 2400£0100| 4300|A10 0110{4310]A110] 00101 0610} 2410

8000] 4600] A400] 8001 4601| A401| 8011 4611] A411§8010]4610]A410

8000] 4600] A400f 0900] 4700| A50(] 0910]|4710|A510]| 80101 4610] A410)

4000] 8600|6400] 4001 8601 6401| 4011 8611] 6411]4010| 8610|6410

4000] 8600] 64000500 4B0OJ A90(] 0510|4B10JA910]| 4010 8610] 6410

0800] 0A00|2200] 0801 0A01{ 2201| 0811 OA11] 2211§0810]0A10]2210

0800] 0A0(] 2200f8100] 8300|2300 8110|8310|2310}| 08101 0A1q 2210

8800] 4A0016200] 8801 4A01 6201 8811 4A11] 6211]8810]4A 1016210

8800] 4A00] 6200 8900| 8700|2B0 8910|8710|2B10] 88101 4A1(q 6210

4800] 8A0(Q| A200] 4801 8A0] A201| 4811 8A11| A211]4810] 8A1(QJ A210

4800] 8A0(] A200f8500| 8B00j2700) 8510|8B10|2710j| 48101 8BA1q A210)

0400] 2000]2600] 0401 2001] 2601| 0411 2011] 2611§0410]2010]2610

0400] 2000]2600(4100/2100|]A30 4110|2110|A310] 041012010} 2610

8400] A000]6600] 8401 A001 6601| 8411 AO11]6611]8410] A010]6610

8400] AOOO} 6600 4900] 2500|AB0OQ 4910|2510|AB1(| 84101 AO10]6610

4400] 6000] A600J 4401 6001] A601| 4411 6011] A611§4410] 6010 AG10)

44001 6000] AGOOf4500] 2900 A70(] 4510|2910|A710] 44101 6010] A610Q

0200} 2800]2A00] 0201 2801] 2A01| 0211 2811] 2A110210]2810]2A10

02001 2800]2A00F0300] 6100|63004 0310|6110]6310] 02101 2810] 2A10Q

POOND OIRWN=O

4200] AB00|6A00) 4201 A801 6A01] 4211 A811| 6A11]4210] A810|6A10)

4200] A800} 6A00[ 0700| 6500|6B0Q 0710|6510|6B10] 42101 A81016A10]

8200] 6800] AAO]] 8201 6801] AA0] 8211 6811] AA1{8210[6810]AA10B

8200] 6800] AA0C 0B0(J 6900|67004 0B10j6910|6710]| 8210 6810] AA1(

()

01 2 3 4 5

0

blocks received in step 2 of phase 4

6 7 8 9 A B

0000 0600|2400] 0100] 4300

A100

1000]5200|B000| 110¢] 1700|3900

8000 4600| A400] 0900] 4700

A500

1400]5600|B400| 510( 5700| 7900

40001 8600[6400] 0500 4B0Q

A900

1800|5A00|B800| 9109 9700| B90OC

08001 0A0Q12200] 8100] 8300

2300

5000]9200(3200| 1509 1B0Q 3300

88001 4A0016200] 8900|8700

2B00

5400]9600|3600| 550Q0 5B0Q| 7300

4800 8A00| A200] 8500] 8BOO|

2700

5800 9A00|3A00| 950Q1 9B0Q B30C

0400] 2000|2600 4100[2100

A300

9000]3000]7200 | 1900 3100} 3700

8400] AO0Q}6600] 4900]2500

ABO(

9400]3400]7600 | 5900 7100] 7700

4400] 6000 ABOO| 4500[2900

A700

9800]3800|7A00| 99001 B10(Q B70Q

0200] 2800|2A00] 0300|6100

6300

1200|7000|B200| 1300] 3500| 3BOC

4200] A800| 6A00] 0700|6500

6B00

1600|7400|B600| 53001 7500| 7BOC

WP>OONOOOLWN=O

8200] 6800 AAO( 0BOJ 6900

6700

1A00]7800|BA00| 9300 B50(] BBOC

(k)

Fig. 4. (Continued from the previous page.) Data structure of node (0,0) in a 12 x 12 torus. (g) After Step1 of Phase 3, (h) after Step 2 of Phase 3,
(i) after rearrangement, (j) after Step1 of Phase 4, and (k) after Step 2 of Phase 4.

include blocks destined for nodes in the same column
along the +r direction from each node in the first row, in
that order. It is exactly the same configuration as the
network itself. It may be easier to understand the initial data
structure in each node as follows: The network is
reconfigured by placing each node in the origin (0,0) and
by making its message transmission operation in Phases 1
and 2 performed along +c and +r, respectively. Then, the

initial data structure follows exactly the same configuration
as that of the reconfigured network. In Step 1 of Phase 1,
P(0,0) sends blocks in columns 4 through B to P(0,4) while
receiving the same number of blocks from P(0,8) (Fig. 4b). In
Step 2 of Phase 1, P(0,0) sends blocks in the last four
columns (Fig. 4b) to P(0,4) while receiving the same number
of blocks (Fig. 4c) from P(0,8). In Phase 2, every node in
group 00 transmits blocks along +r direction. In Step 1 of
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Phase 2, blocks in rows 4 through B are transmitted
(Fig. 4c) to P(4,0), while receiving blocks (Fig. 4d) from
P(8,0). In Step 2 of Phase 2, blocks in the last four rows
(Fig. 4d) are transmitted to P(4,0), while receiving blocks
(Fig. 4e) from P(8,0). After Phase 2, all blocks in the array
are those destined for nodes in the 4 x 4 submesh (i.e.,
P(0,0) through P(3,3)) to which P(0,0) belongs, as shown in
Fig. 4e (where the last two digits of block IDs are
00,01,02,03,10,11,...,32,33). But blocks destined for
nodes in the 4 x 4 submesh are distributed. Thus, before
Phase 3, the blocks are rearranged (considering commu-
nication pattern in Phase 3), as shown in Fig. 4f. In Phase 3
Step 1, blocks in the middle six columns (Fig. 4f) are
transmitted to P(0,2), while receiving the same number of
blocks (Fig. 4g) from P(0,2). In the next step, blocks in the
last six columns (Fig. 4g) are transmitted to P(2,0) while
receiving the same number of blocks (Fig. 4h). After Phase 3,
all blocks in the array are those destined for nodes in the
2 x 2 submesh (i.e., P(0,0), P(0,1), P(1,0), and P(1,1)) to
which P(0,0) belongs as shown in Fig. 4h (the last two digits
of block IDs are 00, 01, 10, and 11), but they are distributed.
Thus, before Phase 4, the blocks are rearranged (considering
the communication pattern in Phase 4), as shown in Fig. 4i.
Then, Phase 4 is initiated and the operations are very
similar to those in Phase 3. The two steps in Phase 4 are
shown in Figs. 4j and 4k. As shown in Fig. 4k, P(0,0) now
has all blocks destined for itself from all nodes (the first two
digits of block IDs are all distinct, while the last two digits
are 00).

As shown above, the proposed 2D algorithm requires
data rearrangement steps after Phases 2 and 3. However, a
data rearrangement step is also required after Phase 1. After
Phase 1, blocks in each node are ordered in row-major
order. Logically they are contiguous in row by row, but
physically they are not contiguous since we assumed that
the array is physically arranged in column-major order.
Thus, before the start of Phase 2, the blocks should be
rearranged in column-major order.

Formally, the proposed algorithm for all-to-all persona-
lized communication in an R x C torus can be expressed as
shown in Fig. 5.

3.1.4 Complexity Analysis

We now analyze the complexity of the proposed algorithm
in terms of startup cost, message-transmission cost, data-
rearrangement cost, message propagation cost, and barrier
cost.

1. Startup cost. For an R x C 2D torus, & — 1 steps per
phase are required in Phases 1 and 2, and two steps
per phase are required in Phases 3 and 4. Thus, a
total of § + 2 steps is required.

2. Message-transmission cost. In Step p of Phase 1,
where 1<p<%—1, R(C—4p) blocks (since
R < C) are transmitted. In Step ¢ of Phase 2, where
1<qg< % —1, R(C — 4q) blocks are transmitted. In
Phases 3 and 4, there are four steps and RTC blocks are
transmitted in each step. Thus, the total number of
transmitted blocks is £ (C + 4).

JANUARY 2001

3. Data-rearrangement cost. At the end of each phase,
blocks are rearranged to prepare for the next phase.
Since there are four phases, three data-rearrange-
ment steps are required. Thus, the total data-
rearrangement cost is 3(RC)mp.

4. Message propagation cost. In Phases 1 and 2, there are
¢ — 2 steps. In each step, the number of hops to the
destination is four. In each of two steps in Phases 3
and 4, the number of hops to the destination is two
and one, respectively. Thus, the total number of hops
is 2C —2 and the message propagation cost is
expressed as 2(C' — 1)i;.

5. Barrier synchronization cost. Since the proposed

C
2

by barrier synchronization is (% + 1>tb.

algorithm requires 5 + 2 steps, the total overhead

In an N x N torus, we have %} nodes on each side of the
network bisection transmitting a block to every node in the
other half for a total of Nf message blocks crossing the
bisection. The bisection consists of 2N links. Therefore, we
can arrive at a lower bound on message transmission of
O(N?). We see that the proposed algorithm has a time
complexity of O(N?) in terms of message transmission time,
assuming R = C = N. With respect to startup costs, con-
sider the broadcast of a message to N2 nodes. In the absence
of contention, the optimal number of steps is [log, N| per
dimension. Thus, a lower bound on the number of steps to
reach all nodes is O(log, N?). This lower bound is difficult to
achieve due to channel contention in one-port architecture.
Most all-to-all personalized communication algorithms
show a time complexity of O(N) in terms of startup cost,
except [13], which shows a time complexity of O(log, N?).

3.1.5 Correctness of the Proposed Algorithm
Now, we discuss the correctness of the proposed algorithm.
First, consider a bidirectional ring of nodes shown in Fig. 6a.
If the nodes are divided into two groups, each group can
form a unidirectional ring choosing one of the two (positive
and negative) directions, and nodes in each unidirectional
subring can transmit message blocks to nodes in the same
group along the direction without channel contention (see
Fig. 6b). If there are an even number (B) of nodes in the ring
and each node in a unidirectional subring passes the
message that is received in the previous step, then a node’s
message is distributed to all nodes in the subring (i.e., nodes
in the same group) in £ — 1 steps, as shown in Fig. éc.
Now, consider a 2D torus. In Phases 1 and 2 of the
proposed algorithm, there are 16 node groups according to
the following rule:

IF » mod 4 =i and ¢ mod 4 = j, P(r,c) is included in group ;.

If we divide the torus into 4 x 4 contiguous submeshes,
eachnodein a4 x 4 submesh is included in one of 16 distinct
groups. In Phases 1 and 2, each node in a 4 x 4 submesh
transmits messages to nodes of the same group located in
other submeshes along a row or column. Since there are 16
groups and four directions (+1, -1, +c, and -c), four groups
should choose the same direction, which may cause channel
contention. But, if four nodes that choose the same direction
are not located in the same row and column, no channel
contention occurs. In the proposed algorithm, it is achieved
by Conditions 1 through 4 in Phase 1 and Conditions 5
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START
/* Begin Phase 1 */
SWITCH (row_id+col_id)mod 4

DATA REARRANGEMENT

/* Begin Phase 2*/
SWITCH (row_id+col_id)mod 4

DATA REARRANGEMENT

/* Begin Phase 3 Step 1 */

/* Begin Phase 3 Step 2*/

DATA REARRANGEMENT

/* Begin Phase 4 Step 1*/
IF my_column_id is even

ELSE
/* Begin Phase 4 Step 2/
IF my row_idis even

ELSE

END

# 2D Algorithm for All-to-All personalized communication for Node P(row_id, col_id)

CASE 0: For s = 1 to C/4-1, transmit B[0..R-1,4s..C-1] to node P(row_id, (col_id+4)mod C)
CASE 1: For s = 1to C/4-1, transmit B[0..R-1,4s..C-1] to node P((row_id+4)mod R, col_id)
CASE 2: For s = 1 to C/4-1, transmit B[0..R-1,4s..C-1] to node P(row_id, (col_id-4)mod C)
CASE 3: For s = 1to C/4-1, transmit B[0..R-1,4s..C-1] to node P((row_id-4)mod R, col_id)

CASE 0: For s = 1 to C/4-1, transmit B[0..R-1,4s..C-1] to node P((row_id+4)mod R, col_id)
CASE 1: For s = 1 to C/4-1, transmit B[0..R-1,4s..C-1] to node P(row_id, (col_id+4)mod C)
CASE 2: For s = 1to C/4-1, transmit B[0..R-1,4s..C-1] to node P((row_id-4)mod R, col_id)
CASE 3: For s = 1 to C/4-1, transmit B[0..R-1,4s..C-1] to node P(row_id, (col_id-4)mod C)

IF {(row_id+col_id)mod 4 is even} AND {(col_id)mod 4is 0 OR 1}
transmit blocks B[o..R-1,C/4..3C/4-1] to node P(row_id, col_id+2)
ELSE IF {(row_id+col_id)mod 4 is even} AND {(col_id)mod 4 is 2 OR 3}
transmit blocks B[o..R-1,C/4..3C/4-1] to node P(row_id, col_id -2)
ELSE IF {(row_id+col_id)mod 4 is odd} AND {(col_id)mod 4 is 0 OR 1}
transmit blocks B[o..R-1,C/4..3C/4-1] to node P(row_id+2, col_id)
ELSE {(row_id+col_id)mod 4 is odd} AND {(col_id)mod 4 is 2 or 3}
transmit blocks B[o..R-1,C/4..3C/4-1] to node P(row_id-2, col_id)

IF {(row_id+col_id)mod 4 is even} AND {(col_id)mod 4 is 0 OR 1}
transmit blocks B[0..R-1,C/2..C-1] to node P(row_id+2, col_id)
ELSE IF {(row_id+col_id)mod 4 is even} AND {(col_id)mod 4 is 2 OR 3}
transmit blocks B[0..R-1,C/2..C-1] to node P(row_id-2, col_id)
ELSE IF {(row_id+col_id)mod 4 is odd} AND {(col_id)mod 4 is 0 OR 1}
transmit blocks B[0..R-1,C/2..C-1] to node P(row_id, col_id+2)
ELSE {(row_id+col_id)mod 4 is odd} AND {(col_id)mod 4 is 2 or 3}

transmit blocks B[0..R-1,C/2..C-1] to node P(row_id, col_id-2)

transmit blocks Bfo..R-1,C/4..3C/4-1] to node P(row_id, col_id+1)

transmit blocks B[o..R-1,C/4..3C/4-1] to node P(row_id, col_id-1)

transmit blocks B[0..R-1,C/2..C-1] to node P(row_id+1, col_id)

transmit blocks B[0..R-1,C/2..C-1] to node P(row_id-1, col_id)

Fig. 5. A formal description of a 2D algorithm for an R x C torus.

through 8 in Phase 2. Thus, every node can transmit

messages without channel contention in Phases 1 and 2.
Now, consider data received by an arbitrary node

P(z,...2z0,Yy---Y0). Let the data that originated from node

P(z,...z0,yq...%) be Dz,...xz0,yy...%). In Phase 1,
nodes in the same group and in the same row or column
transmit message blocks along a subring, just as shown in

Fig. 6¢. Since there are < or £ nodes in a subring, a message
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Fig. 6. Message propagation in a linear ring. (a) Bidirectional ring, (b) two unidirectional subrings, and (c) message propagation.

from a node is scattered to all nodes in the same subring in
%f 1 steps (recall C' > R). After Phase 1, there are two
possibilities as follows:

IF (r +¢) mod 4 = 0 or 2, then node P has data

Dlz, ...z, F ... Fy1y), where F indicates don’t care.
IF (r +¢) mod 4 =1 or 3, then node P has data

DIF ... Fxiz0,Yq- - Yo

In Phase 2, each node changes dimensions and repeats
the same operation. After Phase 2, node P has data
DI[F...Fxizy, F ... Fyi1y).

In the next four steps of Phases 3 and 4, node P
exchanges message blocks with nodes in distinct node
groups. After Phase 3 and Phase 4, node P has data
D|F...FFxy,F...FFy) and D[F...FFF,F...FFF),
respectively.

3.2 n-Dimensional Tori

The algorithm for 2D tori can be extended to n-dimensional
tori in a straightforward manner. Before describing the
general n-dimensional algorithm, it is helpful to describe a
3D algorithm.

3.2.1 Algorithm for 3D Tori

For an N; x Ny x N3 3D torus, where Ny, Ny, and N3 are a
multiple of four and N; > N; > N3, each node is identified
by a label P(z,y,z), where 0 <z <Ny —1,0<y< Ny —1,
and 0 <2< N3 —1. Each node is included in one of
64 node groups, according to the following rule:

IF £ mod 4 =1,ymod4 = j,and z mod 4 = k, node P(x,y,z)
is included in group ijk.

Communication Pattern. The proposed algorithm re-
quires five phases. In Phase 1, the following operations are
performed:

Phase 1:
IF (x +y) mod 4 =0 and z mod 4 = 0 or 2, then P(x,y,z)
transmits to P((x+4) mod Ny,y,2).

IF (x+y) mod 4 =1 and zmod 4 = 0 or 2, then P(x,y,z)
transmits to P(x,(y+4) mod N»,z).

IF (x +y) mod 4 =2 and z mod 4 = 0 or 2, then P(x,y,z)
transmits to P((x-4) mod Ny,y,z).

IF (z +y) mod 4 =3 and zmod 4 = 0 or 2, then P(x,y,z)
transmits to P(x,(y-4) mod Ns,z).

IF 2z mod 4 = 1, then P(x,y,z) transmits to
P(x,y,(z+4) mod N3).

IF zmod 4 = 3, then P(x,y,z) transmits to
P(x,y,(z-4) mod N3).

The communication pattern of Phase 1 in a 2D torus
(pattern A) is performed in even numbered X-Y planes,
while interplane communication operations (pattern C) are
performed among nodes in odd numbered planes. For
example, the communication pattern in Phase 1 for a 12 x
12 x 12 torus is illustrated in Fig. 7a. There are % — 1 steps

in Phase 1.
In Phase 2, the following operations are performed:

Phase 2:

IF (z +y) mod 4 = 0, then P(x,y,z) transmits to
P(x,(y+4) mod N1,z).

IF (z +y) mod 4 = 1, then P(x,y,z) transmits to
P((x+4) mod Ny,y,z).

IF (z + y) mod 4 = 2, then P(x,y,z) transmits to
P(x,(y-4) mod N»,z).

IF (z +y) mod 4 = 3, then P(x,y,z) transmits to
P((x-4) mod N1,y,2).

In Phase 2, the communication pattern of Phase 2 in a
2D torus (pattern B) is performed in even numbered
X-Y planes, while the communication pattern of Phase 1
in a 2D torus (pattern A) is performed among nodes in odd
numbered planes. Fig. 7b shows the communication pattern
in Phase 2 for a 12 x 12 torus. There are also 2! — 1 steps in

Phase 2.
In Phase 3, the following operations are performed:
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Fig. 7. Communication pattern in Phases 1, 2, and 3 for a 12 x 12 x 12 torus. (a) Phase 1, (b) Phase 2, and (c) Phase 3.

Phase 3:

IF (z+y) mod4=0and zmod 4 =1 or 3, then
P(x,y,z) transmits to P((x+4) mod Ny,y,2).

IF (z+y) mod4=1and zmod 4 =1 or 3, then
P(x,y,z) transmits to P(x,(y+4) mod N»,z).

IF (z+y) mod 4 =2and zmod 4 =1 or3, then
P(x,y,z) transmits to P((x-4) mod Ny,y,2).

IF (z+y) mod 4 =3 and zmod 4 =1 or 3, then
P(x,y,z) transmits to P(x,(y-4) mod N»,z).

IF z mod 4 = 0, then P(x,y,z) transmits to
P(x,y, (z+4) mod N3).

IF z mod 4 = 2, then P(x,y,z) transmits to
P(x,y, (z-4) mod N3).

In Phase 3, nodes in even numbered planes follow

pattern C while nodes in the other planes follow pattern B, as

illustrated in Fig. 7c. In Phase 3, there are also % — 1 steps.

After Phase 3, the network is divided into % 4 x4 x
4 submeshes. Now, Phase 4 starts and consists of three
steps: The following operations are performed in each step
of Phase 4 (see Figs. 8a, 8b, and 8c for a 12 x 12 x 12 torus,

where only one 4 x 4 x 4 submesh is shown):

Step 1 of Phase 4:

IF (z+y) mod2=0, ymod4=0o0rl, and zmod 2 =0,
then P(x,y,z) transmits to P(x+2,y,z).

IF (x +y) mod 2 =0, ymod4=2or3, and zmod 2 = 0,
then P(x,y,z) transmits to P(x-2,y,z).

IF (z+y)mod2=1, xmod4=0or1,and zmod 2 =0,
then P(x,y,z) transmits to P(x,y+2,z).

IF (z+y) mod2=1, x mod4=2or3,and zmod 2 =0,
then P(x,y,z) transmits to P(x,y-2,z).

IF 2 mod 4 = 1, then P(x,y,z) transmits to P(x,y,z+2).

IF 2z mod 4 = 3, then P(x,y,z) transmits to P(x,y,z-2).

Step 2 of Phase 4:
IF (x +y) mod 2 =0 and x mod 4 = 0 or 1, then P(x,y,z)
transmits to P(x,y+2,z).

IF (z +y) mod 2 =0 and z mod 4 = 2 or 3, then P(x,y,z)
transmits to P(x,y-2,z).

IF (x+y) mod2 =1 and y mod 4 =0 or 1, then P(x,y,z)
transmits to P(x+2,y,z).

IF (z +y) mod 2 =1 and y mod 4 = 2 or 3, then P(x,y,z)
transmits to P(x-2,y,z).

Step 3 of Phase 4:

IF (z+y) mod2=0, ymod4=0o0rl,and zmod 2 =1,
then P(x,y,z) transmits to P(x+2,y,2).

IF (z+y) mod2=0, ymod4=2or3, and zmod 2 =1,
then P(x,y,z) transmits to P(x-2,y,z).

IF (z+y)mod2=1, xmod4=0o0r1,and zmod 2 =1,
then P(x,y,z) transmits to P(x,y+2,z).

IF (z+y)mod2=1, xmod4=2or3,and zmod 2 =1,
then P(x,y,z) transmits to P(x,y-2,2).

IF zmod 4 = 0, then P(x,y,z) transmits to P(x,y,z+2).

IF z mod 4 = 2, then P(x,y,z) transmits to P(x,y,z-2).

After Phase 4, the network is further divided into
% 2 x 2 x 2 submeshes. Now, Phase 5 is initiated and
there are three steps. In each step, every node exchanges
messages along X-, Y-, and Z-dimensions, respectively (see
Figs. 8d, 8e, and 8f for a 12 x 12 x 12 torus, where only one
2 x 2 x 2 submesh is shown). That is, the following
operations are performed in each step of Phase 5:

Step 1 of Phase 5:

IF 2 mod 2 = 0, then P(x,y,z) transmits to P(x+1,y,z).
IF  mod 2 = 1, then P(x,y,z) transmits to P(x-1,y,z).

Step 2 of Phase 5:
IF y mod 2 = 0, then P(x,y,z) transmits to P(x,y+1,z).
IF y mod 2 = 1, then P(x,y,z) transmits to P(x,y-1,z).

Step 3 of Phase 5:
IF z mod 2 = 0, then P(x,y,z) transmits to P(x,y,z+1).
IF z mod 2 = 1, then P(x,y,z) transmits to P(x,y,z-1).
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Step 1, (e) Phase 5 Step 2, and (f) Phase 5 Step 3.

Data Array. Now, consider the data array of each node.
Initially, each node has Ny N, N3 distinct blocks in a 3D array
B[u,v,w], where 0<u<N; -1, 0<v<Ny—1, and
0 <w < N3 — 1. Since the data array structure in 3D tori is
very similar to that in 2D tori and can be easily extended,
we just examine the communication requirements in
node P(0,0,0). In Step 1 of Phase 1, P(0,0,0) sends to
P(4,0,0) blocks B[4..N1—1, =, «], while receiving the same
number of blocks from node P(N; —4,0,0). The notation
B[4..N1—1, =, «] identifies all blocks from B[4,0,0] to B[N1—1,
No—1, N3—1]. In the next Step, P(0,0,0) transmits blocks
B[8..N1—1, «, «] to P(4,0,0). In general, in Step s; of Phase 1,
1<s < % — 1, P(0,0,0) transmits blocks B[4s1..N1-1, , #]. In
Step s, of Phase 2, 1 < s < % — 1, P(0,0,0) transmits blocks
B[+, 4s2..No—1,s] to P(0,4,0). In Step s3 of Phase 3,
1<s3< % —1, P(0,0,0) transmits blocks B[, *, 453..N3—1]
to P(0,0,4). The blocks transmitted by node P(0,0,0) in each
step of Phases 1, 2, and 3 in a 12 x 12 x 12 torus are shown
in Fig. 9. After Phase 3, blocks originated from nodes in the
same group destined for nodes in the 4 x 4 x 4 submesh
which includes P(0,0,0) are gathered in P(0,0,0). Thus, in six

steps in Phases 4 and 5, the blocks destined for the other
nodes in the 4 x 4 x 4 submesh are transmitted.

3.2.2 Extension to n-Dimensional Tori
Now, we describe a general n-dimensional algorithm. Since
the extension for n-dimensional tori can be made similarly
to the 2D-t0-3D extension, we describe the n-dimensional
algorithm briefly in this section.

For an N; x...x N, n-dimensional tori, where
Ny, ..
are n+ 2 phases. In the first n phases, messages are

., N, are a multiple of four and N; > ... > N,, there

transmitted among nodes in the same group which form
N,

an % X ...x = subtorus. To avoid channel contention,
the dimensions in which messages are transmitted are
distributed in each phase. In general, for n-dimensional
tori, nodes in the even-numbered unit along dimension n
follow the communication patterns of (n — 1)-dimensional
networks during the first n — 1 phases and then perform
communications along the last dimension (i.e., dimension n)
in phase n, while the other nodes perform the communica-
tions along the dimension n in Phase 1 and then follow

the communications of (n— 1)-dimensional networks
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Fig. 9. Blocks transmitted in each step of Phases 1, 2, and 3 for a 12 x 12 x 12 torus. (a) Step 1 Phase 1, (b) Step 2 Phase 1, (c) Step 1 Phase 2,

(d) Step 2 Phase 2, (e) Step 1 Phase 3, and (f) Step 2 Phase 3.

during the remaining n — 1 phases. In Phases n 41 and
n+ 2, message exchanges are performed among nodes
in 4x...x4 and 2 x...x 2 n-dimensional submeshes,
respectively.

3.2.3 Complexity Analysis

Just as with 2D tori, we analyze the time costs required by
the proposed n-dimensional algorithm in terms of startup
cost, message-transmission cost, data—rearrangement cost,
message propagation cost, and barrier cost.

1. Startup cost. For an N; x...x N, n-dimensional
torus, N; > ... > N, , there are n + 2 phases. In the
first n phases, &1 — 1 steps per phase are required. In
Phases n + 1 and n + 2, n steps are required in each
phase. Thus, a total of n( 4 + 1) steps is required.

2. Message-transmission cost. In Step s, 1 < s < % —1,in
each of the first n phases, (N; —4s)(Ny... N,)
blocks are transmitted (since N; > ... > N,,). In each
step of Phases n+1 and n+2, §(N;...N,) blocks
are transmitted. Thus, the total number of trans-
mitted blocks is & (Ny +4)(Ny ... Ny,).

3. Data-rearrangement cost. At the end of each phase,
blocks are rearranged to prepare for the next phase.
Since there are n + 2 phases, n + 1 data-rearrange-
ment steps are required. Thus, the total data-
rearrangement cost is (n + 1)(Ny ... N,)mp.

4.  Message propagation cost. In the first n phases, there

are % — 1 steps per phase. In each step, the number

of hops to the destination is four. In Phases n + 1 and

n+ 2, n steps are required in each phase and the
number of hops to the destination is two and one,
respectively. Thus, the total message propagation
cost is n(Ny — 1)¢;.

5. Barrier synchronization cost. Since the proposed

algorithm requires n(% + 1) steps, the total over-

head by barrier synchronization is (”% +n— 1)t;,.

4 ALGORITHMS FOR MESHES

In the previous section, all-to-all personalized communica-
tion algorithms for torus-connected machines were de-
scribed. Since tori are meshes with wrap-around channels,
the all-to-all personalized communication algorithms for
meshes are very similar to those for tori and can be easily
derived. Since the basic idea is very similar to that of tori,
this section briefly describes all-to-all personalized commu-
nication algorithms for multidimensional meshes.

4.1 2D Meshes

For an R x C mesh, where R and C are even numbers and
R < C, each node is identified by a label P(r,c), 0 <r <
R—1and 0 < ¢ < C — 1. Each node is included in one of
four node groups according to the following rules:

IF r and c are even, P(r,c) is included in group EE.
IF ris odd and c is even, P(r,c) is included in group OE.
IF ris even and c is odd, P(r,c) is included in group EO.
IF r and ¢ are odd, P(r,c) is included in group OO.

The nodes in a group form an £ x < submesh. For

example, in the 6 x 6 mesh shown in Fig. 10, nine nodes of
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Fig. 10. Communication pattern in a 6 x 6 mesh. (a) Four node groups, (b) Phase 1, (c) Phase 2, and (d) Phase 3.

identical marking form a 3 x 3 submesh. The proposed
algorithm consists of three phases. In Phases 1 and 2,
messages are exchanged among nodes in the same group.
Nodes in each group and in the same row/column form a
logical ring. For example, in the 6 x 6 mesh shown in
Figs. 10b and 10c, three nodes in each row/column form a
logical ring. Phases 1 and 2 require § — 1 steps per phase
and the following operations are performed in each step of
Phases 1 and 2:

Phase 1:
IF P(r,c) € EE or OO, then P(r,c) transmits to
P(r, (c+2) mod C).
IF P(r,c) € EO or OFE, then P(r,c) transmits to
P((r+2) mod R, c).
Phase 2:
IF P(r,c) € EE or OO, then P(r,c) transmits to
P((r+2) mod R, c).
IF P(r,c) € EO or OFE, then P(r,c) transmits to
P(r, (c+2) mod C).

After Phase 2, the network is divided into ££ contiguous
2 x 2 submeshes and all of the four nodes ina 2 x 2 submesh
are included in distinct node groups (see Fig. 10d). In
Phase 3, messages are transmitted by nodes in distinct

groups and in the same 2 x 2 submesh to complete the all-

to-all personalized communication, as shown in Fig. 10d. In

Phase 3,

operations are performed in each step:

Step 1 of Phase 3:

IF P(r,c) € EE or OF, then P(r,c

IF P(r,c) € OO or EO, then P(

Step 2 of Phase 3:

IF P(r,c) € EE or OF, then P(r,c) transmits to P(r+1, c).

IF P(r,c) € OO or EO, then P(r,c) transmits to P(r-1, c).
After Phase 3, each node has RC blocks originated from

all nodes in the network to complete the all-to-all

two steps are required and the following

) transmits to P(r, c+1).
r,c) transmits to P(r, c-1).

personalized communication.

Figs. 10 and 11 show the communication pattern and
data array of the proposed 2D algorithm in a 6 x 6 mesh,
respectively.

Complexity Analysis.
1. Start-up cost. For an R x C' 2D mesh, R < C, there are
%— 1 steps in Phase 1, %— 1 steps in Phase 2, and

two steps in Phase 3. Thus, a total of C steps are
required.



SUH AND SHIN: ALL-TO-ALL PERSONALIZED COMMUNICATION IN MULTIDIMENSIONAL TORUS AND MESH NETWORKS

a kb WON-=O

O WN=O

53

blocks sentin step 2 of phase 1

blocks received in step 2 of phase 1

blocks sent in step 1 of phase 1y|5cks received in step 1 of phdse 1

0 1 2 3 4 5 0 1 2 3|4 5| 0 1 2 3|4

0000]0001Joo02] 00od 00040005] O Jo000| 0001|0400 0401f0402) 0403 00000 0001]| 0400 0401} 0200 0201
0010 0011|0012 0013 0014J0015] 1 |oo10[0011f0410 0411'04120413 1]0010[0011[ 0410 041 1|0210 0211
0020 0021l)022 00230024|00250 2 |0o020 0021'0420 0421'0422 0423 | 2fo020[0021|0420 O421|0220 0221
0030 0031§0032[ 00330034J0035] 3 |0030{0031[0430] 0431§0432{0433||| 3]0030]0031]0430[ 0431/0230] 0231
0040 004 1§0042[ 0043 0044|0045 4 |0040|0041]0440] 044 1§0442]0443||| 4]J0040]0041]0440[ 0441]0240
0050 0051[)052 00530054|0055) 5 |0050]0051 |0450 O451E452 0453 5|0050 0051]0450( 0451,0250
blocks sent in step 1 of phase
(@) (b) (©)

0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
0000]0001| 0400 0401 020d0201] 0 [0000|0001[040d 0401] 02000201] O [0000| 0200j0401] 00110211 041d
0010/0011] 041 0411 021d0211] 1[0010]0011] 041 0411[021d0211] 1 [4000|420004401| 4011[4211]441d
4000|4001|4400| 4401(4200]4201) 2 |4000|4001(4400| 4401/4200[4201| 2 |2000[2200p401|2011[2211]2410
4010|4011|4410| 4411/4210]4211) 3 |4010]4011|4410]4411|4210]4211] 3 [0400J0001]0201|0411}0010] 0210
4020(4021|4420| 4421(4220[4221]] 4(2000]2001|2400]| 2401/2200|2201| 4 4400|4001 4201 | 441 1|4010 4210
4030[4031[4430] 4431|4230{4231|] 5/[2010]2011|2410]| 2411[2210[2211] 5 2400'2001 2201 241 1I201O 2210

ocks recelved In step 1 of phase blocks received in step 2 of phase 2 blocks sent in step 1 of phase 3
blocks sent in step 2 of phase 2
(d) (e) M
blocks sent in step 2 of phase 3
0 1 213 4 5 0 1 2.3 4 5
0 Joooo[0200/0300j0110 0510 0410] 0 0000] 0200/0300} 1009 1200] 130
114000 420014300]411014510 441 1 [4000[ 42004300/ 3000 3200| 330
2 |2000(22002300|211012510{ 241 2 [2000[ 220002300 50005200] 530
3 |0400J0100{05001031C0010(021 3 [0400]0100l05001 1400 1100] 150
4 |440074100145001431014010{ 421} 4 |4400|41004500/ 34003100 350
5 |240021002500|231¢ 2010|2210 5 [2400|2100[2500! 5400 5100] 550

blocks received in step 1 of phase 3

(9)

blocks received in step 2 of phase 3

(h)

Fig. 11. Data structure of node (0,0) in a 6 x 6 mesh. (a) Initial state, (b) after Step 1 of Phase 1, (c) after Step 2 of Phase 1, (d) after Step1 of
Phase 2, (e) after Step 2 of Phase 2, (f) after rearrangement, (g) after Step 1 of Phase 3, and (h) after Step 2 of Phase 3.

2.

Message transmission cost. In step p of Phase 1, where
1<p<§—1, R(C—2p) blocks (since R < C) are
transmitted. In Step ¢ of Phase 2, where
1<qg< g —1, R(C — 2q) blocks are transmitted. In
Phase 3, there are two steps and £¢ blocks are
transmitted in each step. Thus, the total number of
RC?

transmitted blocks is “7-.

Data rearrangement cost. Since there are three phases,
two message-rearrangement steps are required.
Thus, the total data rearrangement cost is 2(RC)mp.
Message propagation cost. In the first two phases, there
are ¢ — 1 steps per phase. In each step, the largest
number of hops to the destination is C' —2. In
Phase 3, two steps are required and the number of
hops to the destination is one in each step. Thus,
message propagation cost is expressed as
{(C—2)* +2}t,.

Barrier synchronization cost. Since the proposed
algorithm requires C' steps, the total overhead by
barrier synchronization is (C — 1)t;.

4.2 Extension to Multidimensional Meshes

Just as tori, the algorithm for 2D meshes can be extended to

N1X..

. X N,, n-dimensional meshes in a straightforward

manner. In this case, there are n + 1 phases and the message

transmissions are performed along logical rings in each

dimension in each of the first n phases. In the last phase

(phase n + 1), message exchange operations are performed

in each 2 x 2 x ... x 2 n-dimensional submesh.

Fig.

12 illustrates the communication pattern in a 6 x

6 x 6 mesh.

Complexity Analysis.

L.

Startup cost. For an N; x ... x N, n-dimensional
mesh, Ny > ... > N,, there are n + 1 phases. In the
first n phases, &t — 1 steps per phase are required. In

phases n + 1, n steps are required. Thus, a total of

nN;
2

Message-transmission cost. In Step s, 1 < s < % —1,in
each of the first n phases, (N; — 2s)(Ns ... N,,) blocks

steps is required.
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Fig. 12. Communication pattern in a 6 x 6 x 6 mesh. (a) Communication patterns in X-Y planes, (b) Phase 1, (c) Phase 2, (d) Phase 3, (e) Phase 4

Step 1, (f) Phase 4 Step 2, and (g) Phase 4 Step 3.

are transmitted. In each step of Phase n+1,
$(NiNy...N,) blocks are transmitted. Thus, the
total number of transmitted blocks is %(Nl2 Ny..N,).

3. Data-rearrangement cost. At the end of each phase
blocks are rearranged to prepare for the next
phase. Since there are n+1 phases, n data-
rearrangement steps are required. Thus, the total
data-rearrangement cost is n(N1Ns ... N, )mp.

4. Message propagation cost. In the first n phases, there
are I — 1 steps per phase. In each step, the number
of hops to the destination is N; — 2. In phase n + 1,
n steps are required and the number of hops to the
destination is one in each step. Thus, message
propagation cost is expressed as § {(N; — 2)% + 2}t

5. Barrier synchronization cost. Since the proposed
algorithm requires “J% steps, the total overhead by

g
. . . . nN;
barrier synchronization is (5% — 1)t

5 PERFORMANCE EVALUATION

Thus far, we analyzed the time cost required by the
proposed algorithm in terms of dominant components in

completion time: startup cost, message transmission cost,
data rearrangement cost, message propagation cost, and
barrier synchronization cost. In this section, the perfor-
mance of the proposed algorithms is evaluated and
compared with that of existing algorithms.

The time complexities of the proposed algorithms are
summarized in Table 1. We are not aware of any existing
message-combining algorithms for n-dimensional tori or
meshes, where the number of nodes in each dimension is
non-power-of-two. For 2D tori or meshes, Tseng et al. [19],
Sundar et al. [16], Suh and Yalamanchili [12], [13] proposed
all-to-all personalized communication algorithms using
message-combining. In these algorithms, networks are
assumed to be power-of-two and square, that is, there are
27 nodes in both dimensions. If we apply the proposed
2D tori algorithm to power-of-two square tori, the startup
time and message transmission time are equivalent to those
in [19] (see Table 2). But, the proposed algorithm is
advantageous in terms of data rearrangement time and
message propagation time. In the proposed 2D tori
algorithm, data rearrangement is required between phases
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TABLE 1
Performance Summary of the Proposed Algorithms

Network Startup Cost | Message Transmission Cost | Propagation Cost| Data Rearrangement Cost | Barrier Cost
RxC c RC 2(C-1)¢ 3(RC)mp c
L —=(C+4)ymt 1 e
2D torus (2+2)f5 £t ymie (ZH)[[’
N x...xN, n(]ﬁ+1)f g(N1+4)(N1NZ...NH)me n(N, -1)¢ (n+ 1)(NV| N, ... N, ymp (H—N1+n— l)tb
nD torus 4 8 4
Rx C (Ot R . [C-2% + 234, 2(RC)Ymp (C-1)¢,
2D mesh 2 )m ¢
Ny e XN (le)f TN, N m, SLN -2)% + 23 N Ny Ny (’—7N1-1)fb
nD mesh 2 e 4 2 2
TABLE 2
Comparison of Completion Time for a 2¢ x 2¢ Torus or Mesh
Topology|Algorithm|Startup Cost Message Transmission Cost Propagation Cost Rearrangement Cost Barrier Cost
[19] (2471"'2)% (23ﬂ72+224)mt0 %(22d71+10)[] (211—1+1)22dmp (2d71+1)[b
20x2d o g
Tori (8] | Bd-8)t, [19.2%" "+ (P -5d+3)2%" ym-¢,[(13- 272 - 3d-3)1,[{19- 2T+ (F - 5d+3)2° " ymp | (Bd-D)y
Proposed @712y, (297 4 22 oy 2 Z2)g, (3227 mp 211y,
16l (Zd)ls (23(171)1[1[0 %(22‘1_,. 2)4 (2d71)22dmp (2d— Ly¢y
2%%¢ [13] 3d-3 2d-1 d-1 3d-3 2d-1 t
Mesh (Bd-2)t; |47.2°T% (@ -3d-1)2" " "m- | (927 —3a- 1y, |17 22T (P =3d-1)22 T ymp | (3430
Proposed (Zd)fs (23,471)1“% (22d_pd+2 +6)¢, (2)22dmp (27 e,

to prepare for the next phase. In a 2¢ x 27 torus, there are
four phases in the proposed algorithm, thus only three
rearrangement steps are required, regardless of the network
size. However, in the algorithm in [19], data rearrangement
is required between steps rather than phases (in our
physical model of data array: if noncontiguous blocks are
transmitted, the blocks should be rearranged or copied).
Since the algorithm in [19] requires 297! + 1 data rearrange-
ment steps, the time complexity due to data rearrangement
is O(2%?), while that of the proposed algorithm is O(2%).
With respect to the total propagation time, the proposed
algorithm requires four hops (in Phases 1 and 2), two hops
(in Phase 3), and one hop (in Phase 4) per step, regardless of
the network size. Thus, this algorithm which exhibits a time
complexity of O(2?) compares favorably to the algorithm in
[19], which exhibits a time complexity of O(22¢) due to
propagation time. Thus, the proposed algorithm exhibits
better performance than existing algorithms in power-of-
two square tori, even though the proposed algorithm is
targeted for the networks whose size of each dimension
need not be power-of-two and square. If we compare the
performance of 2D tori algorithm with that of the algorithm
in [13] for a 2¢ x 2¢ torus, message startup cost is O(d) for
the algorithm [13], while it is O(2%) for the proposed
algorithm. The message-transmission cost of the proposed
algorithm is O(2%?) as the algorithm [13], but lower than

that of the algorithm [13]. The time complexity due to data
rearrangement for the algorithm [13] is O(2%¢), while that of
the proposed algorithm is O(22¢) . With respect to the total
propagation time, the proposed algorithm has time com-
plexity of O(2%) as the algorithm [13], but a little lower than
that of the algorithm [13]. Thus, the proposed algorithm is
advantageous over the algorithm [13] in all parameters
except the startup cost. Compared with existing algorithms
for meshes [13], [16], the proposed mesh algorithm shows
very similar characteristics.

Ideally, we would base our performance evaluation on
the implementation of commercial parallel supercomputers.
However, analysis of the scalability of these algorithms
across a range of systems sizes is hampered by the lack of
availability of a range of large system sizes. Moreover, the
systems we could access did not permit control of the
shape of allocated subpartition, i.e., we could not guarantee
that they would be square. What we desired was a more
flexible methodology that would yield reliable estimates of
execution time across a broader range of system sizes.
Therefore, our studies are based on the analytic models of
execution time, but using values of parameters measured
on one of commercial machines, Paragon, ie., t; = 75us,
t. = 0.011us, p = 0.014pus, t, = (126d — 113)us [2], and ¢; =
0.02us (measured by us).

Fig. 13 shows the performance of the proposed 2D tori
algorithm and existing algorithms [19] and [13] in 16 x 16,
32 x 32, 64 x 64, and 128 x 128 tori, where Figs. 13b and 13d
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Fig. 13. Estimated performance of algorithms in 16 x 16, 32 x 32, 64 x 64, and 128 x 128 tori.

illustrate performance of the algorithms when block sizes
are small. As shown in the figures, algorithm [13] outper-
forms the other algorithms for small block sizes, while the
proposed algorithm is superior for larger block sizes. As
network size increases, the cross-over points appear in
small block sizes (see Figs. 13b and 13d). These indicate that
startup cost is the most dominant factor when block size is
small, while message transmission cost becomes an
important factor as network size and/or block size increase,
since message transmission cost increases significantly with
O(2%m) while start-up cost increases with O(29) (in [19]

and the proposed algorithm) or O(d) (in [13]). Interestingly,
the proposed algorithm shows much better performance
than the algorithm [19], even though both of them exhibit
the same startup cost and message transmission cost. This is
because the proposed algorithm shows lower data rearran-
gement and propagation costs, data rearrangement cost
becomes more and more important as block size increases,
and the time complexity due to data rearrangement for the
proposed algorithm is O(22¢), while that of the algorithms
[19] and [13] is O(23). Fig. 14 shows the performance of the
proposed algorithm for 2D meshes and the algorithm in [13]
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Fig. 14. Estimated performance of algorithms in 16 x 16, 32 x 32, 64 x 64, and 128 x 128 meshes.

and [16] for all-to-all personalized communication in
16 x 16, 32 x 32, 64 x 64, and 128 x 128 meshes, using the
same parameter values, and we obtained similar results.
Now, to examine the performance of the proposed
algorithm and the low startup cost algorithm [13]
when the startup cost is large, we consider performance
of the proposed and existing algorithms when the ratio of
two dominant parameters, start-up cost and message
transmission cost (i.e., ¢;/t. ) is high. For this study, we
used the parameter values listed above, except for
start-up cost (t;). Since the ratio ¢,/{. in the above is

about 7,000, we examine a large (20,000) value of ¢,/t.
Fig. 15 illustrates the performance of algorithms in 16 x 16
and 64 x 64 tori. The performance characteristics are
very similar to those seen in Fig. 13, but the cross-over
points appear in large block sizes when ¢,/t. becomes
larger. For meshes, we used the same parameter values
that are used in tori. Fig. 16 compares the performance of
the proposed mesh algorithm and the algorithms [16] and
[13] for all-to-all personalized communication in 16 x 16
and 64 x 64 meshes, and we obtain similar results.
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6 CONCLUSIONS

We proposed new algorithms for all-to-all personalized
communication for multidimensional torus- or mesh-
connected networks. Although the algorithms targeted at
wormhole-switched networks, they can be efficiently used
in virtual cut-through or circuit-switched networks. The
proposed algorithms utilize message-combining to reduce
the time complexity of message startups. Unlike existing
message-combining algorithms, the proposed algorithms

accommodate non-power-of-two networks of arbitrary
dimensions. In addition, destinations remain fixed over a
larger number of steps in the proposed algorithms, thus
making them amenable to optimizations. Finally, the data
structures used are simple, and hence, make substantial
saving of message-rearrangement time.

Although we assumed that the number of nodes in each
dimension is a multiple of four (in tori) or even (in meshes),
the proposed algorithms can be used in tori or meshes with
an arbitrary number of nodes in each dimension. If the
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number of nodes in each dimension is not a multiple of four
(in tori) or odd (in meshes), the proposed algorithms can be
used by adding virtual nodes, then having every node
perform communication steps as proposed in this paper.

When applied to power-of-two and square tori or
meshes, the proposed algorithms showed better perfor-
mance than the algorithms [19] and [16], but the algorithm
[13] outperformed ours when block sizes are small.
However, if the network size is not power-of-two and/or
the block size is large, the algorithm [13] may suffer
performance degradation. The proposed algorithms per-
form best when the network is not power-of-two and/or the
block size is large.
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